Abstract. In this short article we shall consider the Dirichlet space associated with the distorted Brownian motion on a one-dimensional closed interval and prove that it admits no proper regular Dirichlet subspaces.
Let X be a locally compact separable metric space and m a fully supported positive Radon measure on X. C 0 (X) will denote the space of continuous functions on X with compact support. A Markovian symmetric closed form (E, F ) on L 2 (X; m) is called a Dirichlet form, while it is called regular if F ∩ C 0 (X) is dense both in C 0 (X) with uniform norm and in F with E 1 -norm. The regularity guarantees the existence of a unique associated symmetric Hunt process on X.
Assume that (E, F ) is a regular Dirichlet form on L 2 (X, m) andF a linear subspace of F . If (E,F ) is also a regular Dirichlet form on L 2 (X, m), it is natural to ask whether or notF coincides with F . If not, what condition would guarantee the coincidence? The question was originally raised in [3] where it was asked if strong subordination is equivalent to subordination.
In this article, we will prove that the regular Dirichlet form corresponding to distorted Brownian motion (including the ordinary reflecting Brownian motion) on a 1-dimensional closed interval admits no proper regular Dirichlet subspaces. But the problem remains open in the higher dimensional cases.
Let us consider a one dimensional interval I = (0, 1) and a function ρ on I such that
We let
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Proof. We have
By the above inequality
0 (I), and we see that u ∈ F and u = v.
for u ∈ F, 0 ≤ x < y ≤ 1. Since F is an algebra separating points ofĪ, it is dense in C(Ī).
Theorem 2. LetF be a subspace of F such that (E,F ) is a regular Dirichlet space on
Second, it is irreducible becauseF contains no discontinuous function. The inequality (2) implies that each one point ofĪ has a positive capacity. SinceF is dense in C(Ī), there exists u ∈F with u ≥ 1 and hence 1 = u ∧ 1 ∈F and E(1, 1) = 0. Therefore (F , E) is point recurrent.
Let M = (X t , P x ) be the associated diffusion process onĪ. Let
and associated with the part of M on the set (0, 1]. By inequality (2) again, we see that the extended Dirichlet spacê F 0,e ofF 0 is transient and equal toF 0 .
We shall consider a hitting probability with respect to M. Let σ 0 and σ 1 be the hitting time of {0} and {1} respectively, and define
Then, s coincides with the 0-order equilibrium potential of {1} with respect to (F 0 , E) and satisfies that s 
x). Hence s (t(x))ρ(t(x)) is a constant on I and so is s (x)ρ(x).
Consequently we obtain
By inequality (2) again, we see that the metrics E 1 and E are equivalent on the space F 0 and F 0 is a Hilbert space with inner product E. Suppose v ∈ F 0 is E-orthogonal to the spaceF 0 (⊂ F 0 ). Then
By what has been proved, the left-hand side equals
Since this vanishes for any ψ ∈ C 
andF contains constant functions,F must be identical with F .
Corollary 3. Let D be a linear subspace of F such that D is dense in C(Ī)
and, for any > 0, there exists a real function φ on R such that 
Proof. LetF be the closure of D in the Dirichlet space (F , E). Then (F ,
Since the family D 0 = {p a,b ; 0 ≤ a < b ≤ 1} separates points ofĪ, the linear lattice D (the linear space stable under the operations ∨, ∧) generated by D 0 and constant functions satisfies the conditions of the Kakutani-Krein Theorem (Corollary 1 on p. 10, [4] ). However each element of D 0 is not strictly monotone on any subinterval ofĪ and it is not straightforward to see that this space D is dense in F . The diffusion process M = (X t , P x ) considered in the proof of Theorem 1 is called a distorted Brownian motion onĪ and it admits the following expression:
for all x ∈Ī, where B t is a one dimensional standard Brownian motion starting at the origin and N t is a continuous additive functional of zero energy ( [1] ). In the special case that ρ = 1, the distorted Brownian motion is the reflecting Brownian motion onĪ and the above expression is reduced to the Skorohod equation. Corollary 3 says that, while the distorted Brownian motion M onĪ is uniquely determined by the function ρ through the expression (1) of the form E on a space D satisfying conditions of the corollary, M does not depend on any specific choice of such a space D.
